In this paper, we consider the Appell-type degenerate tangent polynomials. We also obtain some explicit formulas for Appell-type degenerate tangent polynomials. Finally, we investigate the zeros of Appell-type degenerate tangent polynomials by using computer.
Introduction
L. Carlitz constructed the degenerate Bernoulli polynomials(see [1] ). Feng Qi et al. [2] introduced the partially degenerate Bernoull polynomials of the first kind in p-adic field. T. Kim introduced the Barnes' type multiple degenerate Bernoulli and Euler polynomials(see [3] ), Recently, Ryoo introduced the degenerate tangent numbers and tangent polynomials(see [6] ). In this paper, we introduce Appell-type degenerate tangent polynomials T n (x, λ). Throughout this paper we use the following notations. By N we denote the set of natural numbers, C denotes the complex number field, and Z + = N ∪ {0}. We recall that the degenerate tangent polynomials [6] are defined by the generating
For x = 0, formula (1.1) reduces to the generating function of the degenerate tangent numbers
The generalized falling factorial (x|λ) n with increment λ is defined by
for positive integer n, with the convention (x|λ) 0 = 1; we may also write
Note that (x|λ) is a homogeneous polynomials in λ and x of degree n, so if [10] ). We also need the binomial theorem: for a variable x,
Appell-type degenerate tangent polynomials
In this section, we introduce Appell-type degenerate tangent polynomials, and we obtain explicit formulas for them. Let us define the Appell-type degenerate tangent polynomials T n (x, λ) as follows:
Note that (1 + λt) 1/λ tends to e t as λ → 0. From (2.1), we note that
Thus, we get
where, T n (x) are the usual tangent polynomials(see [6] ). By using Cauchy product, we have
Therefore, by (2.2), we obtain the following theorem.
Theorem 2.1 For n ≥ 0, we have
By (2.1), we see that
By (2.4), we have the following theorem.
Theorem 2.2 For n ∈ Z + , we have
From (1.2) and (2.1), we can derive the following recurrence relation:
By comparing of the coefficients
on the both sides of (2.5), we have the following theorem.
By (2.1), we get
By comparing of the coefficients t n n! on the both sides of (2.6), we have the following theorem.
Theorem 2.4 For n ∈ Z + , we have
From (2.1), we have
Therefore, by (2.7), we have the following theorem.
Theorem 2.5 For n ∈ Z + , we have
Then, it is easy to deduce that T n (x, λ) are polynomials of degree n. Here is the list of the first Appell-type degenerate tangent polynomials.
Zeros of the Appell-type degenerate tangent polynomials
This section aims to demonstrate the benefit of using numerical investigation to support theoretical prediction and to discover new interesting pattern of the zeros of the Appell-type degenerate tangent polynomials T n (x, λ).
We investigate the beautiful zeros of the T n (x, λ) by using a computer. Let Plot of real zeros of T n (x, λ) for 1 ≤ n ≤ 40 structure are presented( Figure 3 ). We observe a remarkably regular structure of the complex roots of the Appell- type degenerate tangent polynomials T n (x, λ). We hope to verify a remarkably regular structure of the complex roots of the Appell-type degenerate tangent polynomials T n (x, λ)( Table 1) . Next, we calculated an approximate solution satisfying T n (x, λ), x ∈ R. The results are given in Table 2 . Finally, we consider the more general problems. How many zeros does T n (x, λ) have? Find the numbers of complex zeros C Tn(x,λ) of T n (x, λ), Im(x) = 0. Since n is the degree of the polynomial T n,w (x), the number of real zeros R Tn(x,λ) lying on the real plane Im(x) = 0 is then R Tn(x,λ) = n−C Tn,w(x) , where C Tn(x,λ) denotes complex zeros. See Table 1 for tabulated values of R Tn(x,λ) and C Tn(x,λ) . Using computers, many more values of n have been checked. It still remains unknown if the open problem fails or holds for any value n. We are able to decide if T n (x, λ) = 0 has n distinct solutions (see Tables 1, 2 ).
